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NAKANO POSITIVITY OF SINGULAR HERMITIAN METRICS AND
VANISHING THEOREMS OF DEMAILLY-NADEL-NAKANO TYPE
TAKAHIRO INAYAMA
Abstract. In this article, we propose a general definition of Nakano semi-positivity of
singular Hermitian metrics on holomorphic vector bundles. By using this positivity notion,
we establish L2-estimates for holomorphic vector bundles with Nakano positive singular
Hermitian metrics. We also show vanishing theorems, which generalize both Nakano type
and Demailly-Nadel type vanishing theorems.
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1. Introduction
We study positivity notions of singular Hermitian metrics on holomorphic vector bundles.
On holomorphic line bundles, positivity of singular Hermitian metrics has been widely studied
in various ways. In this situation, a singular Hermitian metric is semi-positive if and only
if the corresponding local weight is plurisubharmonic. Hence, we can use complex analytic
methods to study properties of positive singular Hermitian metrics.
For holomorphic vector bundles, notions of singular Hermitian metrics were initially ob-
served in [deC98]. Then Berndtsson and Paun investigated general notions of singular Her-
mitian metrics in [BP08]. Properties and positivity notions of singular Hermitian metrics
have been investigated by many people.
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However, it turns out that we cannot always define the curvature currents with measure
coefficients. This example was found by Raufi in [Rau15]. Hence, we need to define positivity
notions without using curvature currents. We have such a characterization for Griffiths semi-
positivity or semi-negativity (see Proposition 2.3). On the other hand, it was not known the
way to define Nakano positivity of singular Hermitian metrics without using the expression
of the curvature currents.
Recently, new positivity notions of singular Hermitian metrics have been introduced and
studied by several people (cf. [DNW19], [DNWZ20], [DWZZ18], [DWZZ19], [HI19]). These
properties are defined via Ho¨rmander type Lp-estimates or Ohsawa-Takegoshi type Lp-extension
theorems for p > 0. In [DNWZ20], Deng, Ning, Wang, and Zhou introduced the optimal Lp-
estimate condition and obtained a new characterization of Nakano positive smooth Hermitian
metrics by using this condition (see Theorem 2.6).
Applying and modifying the above result, we get the following definition. Before describ-
ing the definition of Nakano semi-positivity, we introduce the notion of Stein coordinates.
Throughout this paper, we let X be an n-dimensional complex manifold, let E → X be a
holomorphic vector bundle of finite rank r > 0, and let h be a singular Hermitian metric on
E (see Definition 2.9).
Definition 1.1. Let Ω be an n-dimensional Stein manifold and ι : Ω→ X be a holomorphic
map from Ω to X . We say that (Ω, ι) is a Stein coordinate around x0 ∈ X if and only if the
following conditions are satisfied:
(1) ι : Ω → X is an injective holomorphic map, i.e. Ω → ι(Ω) defines a biholomorphic
map.
(2) ι(Ω) is an open subset of X such that x0 ∈ ι(Ω).
By definition, every complex manifold admits a Stein coordinate around any point. Using
this notion, we define the following positivity.
Definition 1.2. Suppose that h is a Griffiths semi-positive singular Hermitian metric.
We say that h is Nakano semi-positive in the sense of singular Hermitian metrics or simply
Nakano semi-positive if for any Stein coordinate (Ω, ι) around any point x ∈ X such that
E|ι(Ω) is trivial on ι(Ω), for any Ka¨hler form ωΩ on Ω, for any smooth strictly plurisub-
harmonic function ψ on Ω, for any positive integer q such that 1 ≤ q ≤ n, and for any
∂¯-closed f ∈ L2(n,q)(Ω, ι⋆E;ωΩ, (ι⋆h)e−ψ), there exists u ∈ L2(n,q−1)(Ω, ι⋆E;ωΩ, (ι⋆h)e−ψ) satis-
fying ∂¯u = f and ∫
Ω
|u|2(ωΩ,ι⋆h)e−ψdVωΩ ≤
∫
Ω
〈B−1ωΩ,ψf, f〉(ωΩ,ι⋆h)e−ψdVωΩ,
where BωΩ,ψ = [
√−1∂∂¯ψ⊗ IdE ,ΛωΩ]. Here we suppose that the right-hand side is finite (for
detailed notation, see Notation in Section 2).
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Remark 1.3. In this paper, we always assume the Griffiths semi-positivity of h when
we say that h is Nakano semi-positive in the sense of singular Hermitian metrics. We do
not know whether the assumption that h is Griffiths semi-positive is necessary or not (see
Question 6.3 in Section 6).
We explain the reason that we use the above condition to define Nakano positivity in Sec-
tion 2. Here we only assume that X is a complex manifold, not Hermitian or Ka¨hler. Hence,
we can define Nakano semi-positivity in a general setting. That is one of the advantages of
Definition 1.2.
In this setting, we can also show the following result, which is a generalization of Demailly
and Skoda’s theorem in the singular setting.
Theorem 1.4. Let h be a Griffiths semi-positive singular Hermitian metric on E. Then
h⊗ det h is a Nakano semi-positive singular Hermitian metric on E ⊗ detE.
Next, we consider the case that X admits a Ka¨hler metric ωX . In this situation, we can
define strict Nakano positivity for singular Hermitian metrics in a simple way (see Definition
2.15). By using this notion, we prove the following L2-estimate.
Theorem 1.5. Let (X,ωX) be a projective manifold and a Ka¨hler metric on X, and q
be a positive integer. We assume that (E, h) is strictly Nakano δωX -positive in the sense
of Definition 2.15 on X. Then for any ∂¯-closed f ∈ L2(n,q)(X,E;ωX, h), there exists u ∈
L2(n,q−1)(X,E;ωX , h) satisfying ∂¯u = f and∫
X
|u|2(ωX ,h)dVωX ≤
1
δq
∫
X
|f |2(ωX ,h)dVωX
This estimate generalizes usual L2-estimates (cf. Theorem 2.8). Applying Theorem 1.5, we
get the following vanishing theorem. This is a generalization of both the Nakano vanishing
theorem and the Demailly-Nadel vanishing theorem.
Theorem 1.6. Let (X,ωX) be a projective manifold and a Ka¨hler metric onX. We assume
that (E, h) is strictly Nakano δωX -positive in the sense of Definition 2.15 on X. Then the
q-th cohomology group of X with coefficients in the sheaf of germs of holomorphic sections
of KX ⊗ E (h) vanishes for q > 0 :
Hq(X,KX ⊗ E (h)) = 0,
where E (h) is the sheaf of germs of locally square integrable holomorphic sections of E with
respect to h.
Here we can prove that the sheaf E (h) is coherent when h is a Nakano (semi-)positive
singular Hermitian metric (see Proposition 4.4). As an application of Theorem 1.4 and
Theorem 1.6, we get the following result.
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Theorem 1.7. Let (X,ωX) be a projective manifold and a Ka¨hler metric on X. We
assume that h is strictly Griffiths δωX -positive on X (see Definition 2.14). Then the q-th
cohomology group of X with coefficients in the sheaf of germs of holomorphic sections of
KX ⊗ E (h⊗ det h) vanishes for q > 0 :
Hq(X,KX ⊗ E (h⊗ det h)) = 0.
Theorem 1.7 can be regarded as a generalization of the Griffiths vanishing theorem (cf.
[Dem-book, Chapter VII, Corollary 9.4]) If the Lelong number ν(det h, x) < 1 for all points
x ∈ X , this kind of result was obtained in [Ina20, Corollary 1.4].
The organization of this paper is as follows. We start with Section 2 a general discussion
of smooth and singular Hermitian metrics on holomorphic vector bundles. Here we introduce
several Ho¨rmander type conditions. In Section 3, we explain the result of Demailly and
Skoda. Here we also generalize the result in the singular setting. In Section 4, we establish
L2-estimates and vanishing theorems for holomorphic vector bundles with Nakano positive
singular Hermitian metrics. In Section 5, we verify that our definition of Nakano semi-
positivity is an appropriate positivity notion when we compare it with the definition of
Griffiths semi-positivity. Finally, in Section 6, we propose some questions which might be
worth thinking about.
Acknowledgment. The author would like to thank his supervisor Prof. Shigeharu
Takayama for enormous supports. He is also grateful to Dr. Genki Hosono for helpful
comments. This work is supported by the Program for Leading Graduate Schools, MEXT,
Japan. This work is also supported by JSPS KAKENHI Grant Number 18J22119.
2. Preliminaries
Throughout this paper, we use the following notations.
Notation. • KX : the canonical line bundle of X .
• dVω := ωnn! : the volume form determined by ω.
• E⋆ : the dual bundle of E.
• h⋆ : the dual metric of h on E⋆.
• O(E) : the sheaf of germs of local holomorphic sections of E.
• Ck(p,q)(X,E) := Ck(X,∧(p,q)T ⋆X ⊗ E) for 0 ≤ k ≤ +∞.
• D(p,q)(X,E) : the space of smooth sections of ∧(p,q)T ⋆X ⊗ E with compact support.
• Lp(p,q)(X,E;ω, h) : the space of Lp sections of ∧(p,q)T ⋆X ⊗ E with respect to ω and h.
• 〈〈α, β〉〉(ω,h) :=
∫
X
〈α, β〉(ω,h)dVω.
• ‖α‖2(ω,h) := 〈〈α, α〉〉(ω,h).
• D′⋆ψ : the adjoint operator of D′ψ with respect to 〈〈·, ·〉〉(ω,he−ψ).
• ∂¯⋆ψ : the adjoint operator of ∂¯ with respect to 〈〈·, ·〉〉(ω,he−ψ).
4
• ∆′ψ := D′ψD′⋆ψ +D′⋆ψD′ψ,∆′′ψ = ∂¯∂¯⋆ψ + ∂¯⋆ψ ∂¯ with respect to 〈〈·, ·〉〉(ω,he−ψ).
• Lω : C∞(p,q)(X,E)→ C∞(p+1,q+1)(X,E) : the operator defined by ω ∧ ·.
• Λω : the adjoint operator of Lω.
• [·, ·] : the graded Lie bracket.
• ∆n(p; r) := {(z1, · · · zn) ∈ Cn | |zi − pi| < r} for p = (p1, · · · , pn) ∈ Cn.
• ∆nr := ∆n(0; r).
2.1. Smooth Hermitian metrics. We explain some definitions and properties of smooth
Hermitian metrics. In this subsection, we always assume that a Hermitian metric h is smooth.
Let Θ(E,h) be the Chern curvature tensor of (E, h). Taking a local coordinate (z1, · · · , zn)
of X and an orthonormal frame (e1, · · · , er) of E, we can write√−1Θ(E,h) =
∑
1≤j,k≤n,1≤λ,µ≤r
cjk¯λµ¯dzj ∧ dz¯k ⊗ e⋆λ ⊗ eµ.
We identify the curvature tensor with a Hermitian form
Θ˜(E,h)(τ, τ) =
∑
1≤j,k≤n,1≤λ,µ≤r
cjk¯λµ¯τjλτ¯kµ
for τ =
∑
j,λ τjλ
∂
∂zi
⊗ eλ ∈ TX ⊗E on TX ⊗ E . By using this Hermitian form, we define the
following positivity notions.
Definition 2.1. The Hermitian vector bundle (E, h) is said to be :
(1) Griffiths positive (resp. Griffiths negative) if we have Θ˜(E,h)(ξ ⊗ s, ξ ⊗ s) > 0 (resp.
Θ˜(E,h)(ξ ⊗ s, ξ ⊗ s) < 0) for all non-zero elements ξ ∈ TX , s ∈ E. We denote it by
Θ(E,h) >Grif. 0 (resp. Θ(E,h) <Grif. 0).
(2) Nakano positive (resp. Nakano negative) if we have Θ˜(E,h)(τ, τ) > 0 (resp. Θ˜(E,h)(τ, τ) <
0) for all non-zero elements τ ∈ TX ⊗ E. We denote it by Θ(E,h) >Nak. 0 (resp.
Θ(E,h) <Nak. 0).
Corresponding semi-positivity and semi-negativity are defined by relaxing the strict inequal-
ities.
We can associate Nakano positivity with the positivity of the operator [
√−1Θ(E,h),Λω]
from the following lemma.
Lemma 2.2. (cf. [Dem-book, Chapter VII, Lemma 7.2], [DNWZ20, Lemma 2.5]) Let
(X,ω) be a Ka¨hler manifold. We have that (E, h) >Nak. 0 (resp. (E, h) ≥Nak. 0) if and only
if the Hermitian operator [
√−1Θ(E,h),Λω] is positive definite (resp. semi-positive definite)
on ∧(n,1)T ⋆X ⊗ E.
We can define Griffiths positivity and negativity without using the curvature tensor. We
have the following result.
Proposition 2.3. (cf. [Rau15, Section 2]) The following properties are equivalent:
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(1) h is Griffiths semi-negative.
(2) |u|2h is plurisubharmonic for any local holomorphic section u of E.
(3) log |u|2h is plurisubharmonic for any local holomorphic section u of E.
(4) the dual metric h⋆ on E⋆ is Griffiths semi-positive.
We can treat the above conditions (2) and (3) without using the curvature tensor. Hence,
we use these conditions to define Griffiths semi-positivity and semi-negativity of singular
Hermitian metrics (see Definition 2.12). On the other hand, we did not know such a charac-
terization of Nakano positivity.
Recently, new positivity notions defined via the Ho¨rmander Lp-estimate were widely in-
vestigated. These studies can be regarded as a converse of Ho¨rmander’s estimate which is
essentially due to Andreotti and Vesentini [AV65], and Ho¨rmander [Ho¨r65] (see also Theorem
2.8). Initially, Berndtsson established a converse of Ho¨rmander’s L2-estimate for a continu-
ous function on a 1-dimensional domain, and use this result to prove the complex Pre´kopa
theorem in [Ber98]. In [HI19], we introduced the following condition which is named as the
twisted Ho¨rmander condition for holomorphic vector bundles on an n-dimensional domain.
Definition 2.4. ([HI19, Definition 3.3]) Let h be a singular Hermitian metric on E → Ω
over a domain Ω ⊂ Cn. We say that (E, h) satisfies the twisted Ho¨rmander condition if for
any positive integer m, for any smooth strictly plurisubharmonic function ψ on Ω, and for
any ∂¯-closed f =
∑
j fjdz1∧ · · · ∧ dzn ∧ dz¯j ∈ D(n,1)(Ω, E⊗m), there exists u ∈ C∞(n,0)(Ω, E⊗m)
satisfying ∂¯u = f and∫
Ω
|u|2(ωΩ,h⊗m)e−ψdVωΩ ≤
∫
Ω
∑
1≤i,j≤n
〈ψij¯fi, fj〉(ωΩ,h⊗m)e−ψdVωΩ,
where we assume that the right-hand side is finite. Here (ψij¯)1≤i,j≤n denotes the inverse
matrix of ( ∂
2
∂zi∂z¯j
)1≤i,j≤n.
We remark that the matrix (ψij¯)1≤i,j≤n corresponds to the inverse operator of BωΩ,ψ =
[
√−1∂∂¯ψ⊗IdE⊗m ,ΛωΩ]. It is known that this twisted Ho¨rmander condition implies Griffiths
semi-positivity under some regularity assumptions (cf. [DNWZ20, Theorem 1.2], [HI19,
Theorem 3.5]).
Then Deng, Ning, Wang, and Zhou introduced and improved various Ho¨rmander type
positivity notions for holomorphic vector bundles, which were named as the multiple coarse
Lp-estimate condition and the optimal Lp-estimate condition in [DNWZ20]. We mention that
the twisted Ho¨rmander condition above is something like a multiple optimal L2-estimate type
condition. In this paper, we focus on the optimal Lp-estimate condition.
Definition 2.5. ([DNWZ20, Definition 1.1]) Assume that a Ka¨hler manifold (X,ω) admits
a positive holomorphic line bundle, (E, h) is a (singular) Hermitian vector bundle (maybe
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of infinite rank) over X, and p > 0. Then we say that (E, h) satisfies the optimal Lp-
estimate condition if for any positive holomorphic line bundle (A, hA) on X , for any ∂¯-closed
f ∈ D(n,1)(X,E ⊗ A), there exists u ∈ Lp(n,0)(X,E ⊗A) satisfying ∂¯u = f and∫
X
|u|p(ω,h⊗hA)dVω ≤
∫
X
〈B−1hAf, f〉
p
2
(ω,h⊗hA)
dVω,
where BhA = [
√−1Θ(A,hA) ⊗ IdE,Λω] and we assume that the right-hand side is finite.
Furthermore, they succeeded in characterizing Nakano semi-positivity by using the above
condition. To be precise, they proved the following theorem.
Theorem 2.6. ([DNWZ20, Theorem 1.1]) Suppose that a Ka¨hler manifold (X,ω) admits
a positive holomorphic line bundle, (E, h) is a smooth Hermitian vector bundle over X, and
θ ∈ C0(1,1)(X,End(E)) with θ⋆ = θ. We assume that for any ∂¯-closed f ∈ D(n,1)(X,E ⊗ A),
and for any positive holomorphic line bundle (A, hA) such that
√−1Θ(A,hA)⊗ IdE+ θ >Nak. 0
on suppf , there exists u ∈ L2(n,0)(X,E ⊗A) satisfying ∂¯u = f and∫
X
|u|2(ω,h⊗hA)dVω ≤
∫
X
〈B−1hA,θf, f〉(ω,h⊗hA)dVω,
where BhA,θ = [
√−1Θ(hA,θ) ⊗ IdE + θ,Λω] and we assume that the right-hand side is finite.
Then
√−1Θ(E,h) ≥Nak. θ.
Here we consider the case that θ = 0. In this situation, the condition in Theorem 2.6 is just
the optimal L2-estimate condition introduced in Definition 2.5. By applying and modifying
this theorem, we get the following proposition.
Proposition 2.7. Let h be a smooth Hermitian metric on E. We consider the following
conditions:
(1) h is Nakano semi-positive.
(2) For any Stein coordinate (Ω, ι) such that E|ι(Ω) is trivial on ι(Ω), for any Ka¨hler form
ωΩ on Ω, for any smooth strictly plurisubharmonic function ψ on Ω, for any positive
integer q such that 1 ≤ q ≤ n, and for any ∂¯-closed f ∈ L2(n,q)(Ω, ι⋆E;ωΩ, (ι⋆h)e−ψ),
there exists u ∈ L2(n,q−1)(Ω, ι⋆E;ωΩ, (ι⋆h)e−ψ) satisfying ∂¯u = f and∫
Ω
|u|2(ωΩ,ι⋆h)e−ψdVωΩ ≤
∫
Ω
〈B−1ωΩ,ψf, f〉(ωΩ,ι⋆h)e−ψdVωΩ,
provided the right-hand side is finite.
(3) (E, h) satisfies the optimal L2-estimate condition.
Then the condition (1) is equivalent to the condition (2). If X admits a Ka¨hler metric ω and
a positive holomorphic line bundle on X, the above three conditions are equivalent.
7
Obviously, the above condition (2) corresponds to the condition in Definition 1.2. Theorem
2.6 and the following Theorem 2.8 imply that the condition (1) is equivalent to the condition
(3). The way to prove that the condition (1) is equivalent to the condition (2) is essentially
contained in the proof of Theorem 2.6 in [DNWZ20]. However, our situation is slightly
different. Hence, for the sake of completeness, we show the equivalence of (1) and (2) here.
In our situation, the proof is a little bit simpler. Before proving that, we prepare the following
L2-estimate theorem.
Theorem 2.8. (cf. [Dem82], [Dem-book, Chapter VIII, Theorem 6.1]) Let (X, ω̂) be a
complete Ka¨hler manifold, ω be another Ka¨hler metric which is not necessarily complete, and
(E, h)→ X be Nakano semi-positive vector bundle. We also let Aq,ω,h = [
√−1Θ(E,h),Λω] be
the operator in bidegree (n, q) for q ≥ 1. Then for any ∂¯-closed f ∈ L2(n,q)(X,E;ω, h), there
exists u ∈ L2(n,q−1)(X,E;ω, h) satisfying ∂¯u = f and∫
X
|u|2(ω,h)dVω ≤
∫
X
〈A−1q,ω,hf, f〉(ω,h)dVω,
where we assume that the right-hand side is finite.
Proof of Proposition 2.7. First, we assume that h is Nakano semi-positive. We take
an arbitrary Stein coordinate (Ω, ι) such that E|ι(Ω) is trivial on ι(Ω), an arbitrary Ka¨hler
metric ωΩ on Ω, and an arbitrary smooth strictly plurisubharmonic function ψ on Ω. Con-
sidering the twisted weight (ι⋆h)e−ψ, we have that
√−1Θ(ι⋆E,(ι⋆h)e−ψ) =
√−1Θ(ι⋆E,(ι⋆h)) +√−1∂∂¯ψ ⊗ Idι⋆E and
Aq,ωΩ,(ι⋆h)e−ψ = [
√−1Θ(ι⋆E,ι⋆h),ΛωΩ] + [
√−1∂∂¯ψ ⊗ Idι⋆E ,ΛωΩ]
= Aq,ωΩ,ι⋆h +BωΩ,ψ.
We have (ι⋆h)e−ψ is Nakano positive on ι⋆E. Then Theorem 2.8 implies that for any q ≥ 1 and
for any ∂¯-closed f ∈ L2(n,q)(Ω, ι⋆E;ωΩ, (ι⋆h)e−ψ), we have u ∈ L2(n,q−1)(Ω, ι⋆E;ωΩ, (ι⋆h)e−ψ)
satisfying ∂¯u = f and∫
Ω
|u|2(ωΩ,ι⋆h)e−ψdVωΩ ≤
∫
Ω
〈A−1
q,ωΩ,(ι⋆h)e−ψ
f, f〉(ωΩ,ι⋆h)e−ψdVωΩ.
Since ι⋆h is also Nakano semi-positive, we have the inequality
〈A−1
q,ωΩ,(ι⋆h)e−ψ
f, f〉(ωΩ,ι⋆h) ≤ 〈B−1ωΩ,ψf, f〉(ωΩ,ι⋆h).
Therefore, we also have the estimate∫
Ω
|u|2(ωΩ,ι⋆h)e−ψdVωΩ ≤
∫
Ω
〈B−1ωΩ,ψf, f〉(ωΩ,ι⋆h)e−ψdVωΩ.
Next, we assume that the condition (2). Suppose that h is not Nakano semi-positive.
Then, there exist x0 ∈ X and f0 ∈ ∧(n,1)T ⋆X,x0 ⊗ Ex0 such that
Θ˜(E,h)(f0, f0) < 0.
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We take a Stein coordinate (∆nr , ι) such that ι(0) = x0 and E|ι(∆nr ) is trivial for some r > 0,
take the standard Ka¨hler metric ω0 =
√−1∂∂¯|z|2 on ∆nr , and take a frame (e1, · · · , er) of
ι⋆E on ∆nr such that (e1, · · · , er) is orthonormal at 0 ∈ ∆nr . Then (ι⋆E, ι⋆h) is not Nakano
semi-positive at 0 ∈ ∆nr . For the sake of simplicity, we also write (E, h)(= (ι⋆E, ι⋆h)) on ∆nr .
We fix a smooth strictly plurisubharmonic function ψ on ∆nr . Then for any ∂¯-closed
f ∈ D(n,1)(∆nr , E) ⊂ L2(n,1)(∆nr , E;ω0, he−ψ), there exists u ∈ C∞(n,0)(∆nr , E) satisfying ∂¯u = f
and ∫
∆nr
|u|2(ω0,h)e−ψdVω0 ≤
∫
∆nr
〈B−1ω0,ψf, f〉(ω0,h)e−ψdVω0.
Therefore, we have
|〈〈B−1ω0,ψf, f〉〉(ω0,he−ψ)|2 = |〈〈B−1ω0,ψf, ∂¯u〉〉(ω0,he−ψ)|2
= |〈〈B−1ω0,ψf, ∂¯u〉〉(ω0,he−ψ)|2
= |〈〈∂¯⋆ψ(B−1ω0,ψf), u〉〉(ω0,he−ψ)|2
= ‖∂¯⋆ψ(B−1ω0,ψf)‖2(ω0,he−ψ)‖u‖2(ω0,he−ψ)
= ‖∂¯⋆ψ(B−1ω0,ψf)‖2(ω0,he−ψ)|〈〈B−1ω0,ψf, f〉〉(ω0,he−ψ)|.
In short, we have |〈〈B−1ω0,ψf, f〉〉(ω0,he−ψ)| ≤ ‖∂¯⋆ψ(B−1ω0,ψf)‖2(ω0,he−ψ) for any ∂¯-closed f . By using
the Bochner-Kodaira-Nakano identity ∆′′ψ = ∆
′
ψ+[
√−1Θ(E,he−ψ),Λω0] = ∆′ψ+A1,ω0,h+Bω0,ψ
(cf. [Dem, (4.6)]), we get
‖∂¯⋆ψ(B−1ω0,ψf)‖2(ω0,he−ψ)
= 〈〈∆′′ψ(B−1(ω0,ψ)f), B−1(ω0,ψ)f〉〉(ω0,he−ψ) − ‖∂¯(B−1(ω0,ψ)f)‖2(ω0,he−ψ)
≤ 〈〈∆′ψ(B−1(ω0,ψ)f), B−1(ω0,ψ)f〉〉(ω0,he−ψ) + 〈〈A1,ω0,h(B−1(ω0,ψ)f), B−1(ω0,ψ)f〉〉(ω0,he−ψ) + 〈〈f, B−1(ω0,ψ)f〉〉(ω0,he−ψ).
Then we obtain
〈〈A1,ω0,h(B−1(ω0,ψ)f), B−1(ω0,ψ)f〉〉(ω0,he−ψ) + ‖D′⋆ψ (B−1(ω0,ψ)f)‖2(ω0,he−ψ) ≥ 0.
We let f =
∑
j,λ fjλdz1 ∧ · · ·∧ dzn ∧ dz¯j ⊗ eλ ∈ C∞(n,1)(∆nr , E) be a ∂¯-closed (n, 1)-form with
constant coefficients such that f(0) = f0. By Lemma 2.2, We can take a positive constant
R ∈ (0, r) such that
〈[√−1Θ(E,h),Λω0]f, f〉(ω0,h) = 〈A1,ω0,hf, f〉(ω0,h) < −c
on ∆nR for some positive constant c > 0.
Choose a cut-off function χ ∈ D(0,0)(∆nR,R) such that 0 ≤ χ ≤ 1 and χ|∆nR
2
≡ 1. We define
v ∈ D(n,0)(∆nr , E) by
v = (−1)n
∑
j,λ
fjλz¯jχdz1 ∧ · · · ∧ dzn ⊗ eλ,
and define g by ∂¯v = g. Then g ∈ D(n,1)(∆nr , E) and g = f on ∆nR
2
. Set φ(z) = |z|2 −
R2
4
. Then we have B(ω0,mφ) = m·. We define αm := B−1(ω0,mφ)g = 1mg. Considering the
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commutation relation
√−1[Λω0, ∂¯] = D′⋆mφ (cf. [Dem, (4.5)]), we obtain D′⋆mφαm = 0 on
∆nR
2
and |D′⋆mφαm|(ω0,h) ≤ Cm for some positive constant C > 0 on ∆nR \ ∆
n
R
2
. We also have
〈A1,ω0,hαm, αm〉(ω0,h) < − cm2 on ∆nR
2
and 〈A1,ω0,hαm, αm〉(ω0,h) ≤ C
′
m2
for some C ′ > 0 on
∆nR \∆
n
R
2
since g has compact support in ∆nR. Set C
′′ := C2 + C ′. To summarize, we obtain
0 ≤ 〈〈A1,ω0,h(B−1(ω0,mφ)g), B−1(ω0,mφ)g〉〉(ω0,he−mφ) + ‖D′⋆mφ(B−1(ω0,mφ)g)‖2(ω0,he−mφ)
= 〈〈A1,ω0,hαm, αm〉〉(ω0,he−mφ) + ‖D′⋆mφαm‖2(ω0,he−mφ)
=
∫
∆n
R
2
〈A1,ω0,hαm, αm〉(ω0,h)e−mφdVω0 +
∫
∆n
R
\∆
n
R
2
〈A1,ω0,hαm, αm〉(ω0,h)e−mφdVω0
+
∫
∆n
R
\∆
n
R
2
|D′⋆mφαm|2(ω0,h)e−mφdVω0
≤ − c
m2
∫
∆n
R
2
e−mφdVω0 +
C ′′
m2
∫
∆n
R
\∆
n
R
2
e−mφdVω0
for any m ∈ N. Hence, we get
−c
∫
∆n
R
2
e−mφdVω0 + C
′′
∫
∆n
R
\∆
n
R
2
e−mφdVω0 ≥ 0.
Since φ < 0 on ∆nR
2
and φ > 0 on ∆nR \∆
n
R
2
, the first term has a negative upper bound which
is independent of m
−c
∫
∆n
R
2
e−mφdVω0 < −c|∆nR
2
|.
The second term goes to zero as m → +∞ by Lebesgue’s dominated convergence theorem.
Then for sufficiently large m >> 1, we have
−c
∫
∆n
R
2
e−mφdVω0 + C
′′
∫
∆n
R
\∆
n
R
2
e−mφdVω0 < 0,
which is a contradiction. Consequently, we can conclude that h is Nakano semi-positive on
∆nr . 
2.2. Singular Hermitian metrics. In this subsection, we consider the case that a Hermit-
ian metric has singularities. First, we introduce the definition of singular Hermitian metrics
on vector bundles.
Definition 2.9. ([BP08, Section 3], [HPS18, Definition 17.1], [PT18, Definition 2.2.1] and
[Rau15, Definition 1.1]) We say that h is a singular Hermitian metric on E if h is a measurable
map from the base manifold X to the space of non-negative Hermitian forms on the fibers
satisfying 0 < deth < +∞ almost everywhere.
Related to the notion of singular Hermitian metrics, we introduce the ideal sheaves.
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Definition 2.10. ([Nad90]) Let h be a singular Hermitian metric on a holomorphic line
bundle L→ X , and ϕ be the local weight of h, i.e. h = e−ϕ locally. Then we define the ideal
subsheaf I (h) ⊂ OX of germs of holomorphic functions as follows:
I (h)x := {fx ∈ OX,x | |fx|2e−ϕ is locally integrable around x}.
We can easily verify that the above definition is independent of the choice of local weights.
In [Nad90], Nadel proved that I (h) is coherent by using the Ho¨rmander L2-estimate. We
can also define a higher-rank analogue of the multiplier ideal sheaf I (h).
Definition 2.11. (cf. [deC98]) Let h be a singular Hermitian metric on a holomorphic
vector bundle E → X . We define the ideal subsheaf E (h) of germs of local holomorphic
sections of E as follows:
E (h)x := {sx ∈ O(E)x | |sx|2h is locally integrable around x}.
In [HI19], we prove that E (h) is coherent if h satisfies the twisted Ho¨rmander condition
above. We can also show that E (h) is coherent when h is a Nakano semi-positive singular
Hermitian metric (cf. Proposition 4.4).
The Chern curvature tensor Θ(E,h) of a smooth Hermitian metric h can be locally defined
by ∂¯(h−1∂h). On a holomorphic line bundle, the Chern curvature of a positive or negative
singular Hermitian metric can be also defined in the sense of currents. However, for a
holomorphic vector bundle E of rank E ≥ 2, it is not possible to define the Chern curvature
currents with measure coefficients in general. This phenomenon was observed by Raufi in
[Rau15]. Before showing the example, we introduce the definitions of Griffiths semi-negativity
and Griffiths semi-positivity.
Definition 2.12. ([BP08, Definition 3.1], [PT18, Definition 2.2.2] and [Rau15, Definition
1.2]) We say that a singular Hermitian metric h is:
(1) Griffiths semi-negative if |u|h is plurisubharmonic for any local holomorphic section
u ∈ O(E) of E.
(2) Griffiths semi-positive if the dual metric h⋆ on E⋆ is Griffiths semi-positive.
This definition arises from a characterization of Griffiths semi-positivity (see Proposition
2.3). Then Raufi found the following example.
Theorem 2.13. ([Rau15, Theorem 1.5]) Let E be the trivial vector bundle ∆ × C2 over
∆ := ∆11 ⊂ C. Let h be the singular Hermitian metric
h =
(
1 + |z|2 z
z¯ |z|2
)
.
Then, h is Griffiths semi-negative, and Θ(E,h) is not a current with measure coefficients.
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This result implies that we cannot define the positivity or negativity by using the Chern
curvature currents. Furthermore, the strict positivity or negativity is not generally formu-
lated. If there is a Ka¨hler metric on X , we can define the strict Griffiths positivity as follows.
Definition 2.14. ([Ina20, Definition 2.6]) Let ωX be a Ka¨hler metric on X . We say that a
singular Hermitian metric h is strictly Griffiths δωX -positive if for any open subset U and for
any Ka¨hler potential ϕ of ωX on U , i.e.
√−1∂∂¯ϕ = ωX on U , heδϕ is Griffiths semi-positive
on U .
For Nakano semi-positivity of singular Hermitian metrics, we can characterize it by using
Proposition 2.7 (see Definition 1.2). We can also define the strict Nakano δωX -positivity of
singular Hermitian metrics as follows.
Definition 2.15. Let (X,ωX) be a Ka¨her manifold. We say that h is strictly Nakano δωX -
positive if for any open subset U and for any Ka¨hler potential ϕ of ωX , i.e.
√−1∂∂¯ϕ = ωX
on U , heδϕ is Nakano semi-positive on U in the sense of Definition 1.2.
Remark 2.16. We consider the following condition related to the condition (2) in Propo-
sition 2.7 for k ≥ 1.
(2-k): For any Stein coordinate (Ω, ι) such that E|ι(Ω) is trivial on ι(Ω), for any Ka¨hler
form ωΩ on Ω, for any smooth strictly plurisubharmonic function ψ on Ω, for any positive
integer q such that 1 ≤ q ≤ k, and for any ∂¯-closed f ∈ L2(n,q)(Ω, ι⋆E;ωΩ, (ι⋆h)e−ψ), there
exists u ∈ L2(n,q−1)(Ω, ι⋆E;ωΩ, (ι⋆h)e−ψ) satisfying ∂¯u = f and∫
Ω
|u|2(ωΩ,ι⋆h)e−ψdVωΩ ≤
∫
Ω
〈B−1ωΩ,ψf, f〉(ωΩ,ι⋆h)e−ψdVωΩ,
provided the right-hand side is finite.
The proof of Proposition 2.7 suggests that we only have to consider all (n, 1)-forms f ,
not all (n, q)-forms for 1 ≤ q ≤ n. However, the conditions (2-1),· · · ,(2-n) are equivalent
to each other under the assumption that h is smooth. Hence, in this paper, we adopt
the seemingly stronger condition (2-n) (=Definition 1.2) to define Nakano semi-positivity of
singular Hermitian metrics. Related to this remark, we propose Question 6.4 in Section 6.
3. Demailly and Skoda’s theorem in the singular setting
In this section, we prove Theorem 1.4, which is a generalization of Demailly and Skoda’s
result. Before proving that, we explain Demailly and Skoda’s theorem.
Theorem 3.1. ([DS]) Let h be a smooth Hermitian metric on E. If (E, h) is Griffiths
semi-positive, then (E ⊗ detE, h⊗ det h) is Nakano semi-positive.
Taking a smooth approximating sequence {hν}∞ν=1 of h, we give a proof of Theorem 1.4. Our
main approximation technique is based on the following proposition obtained by Berndtsson
and Paun.
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Proposition 3.2. (cf. [BP08, Proposition 3.1], [Rau15]) Let E be a trivial vector bundle
over a polydisc U and h be a Griffiths semi-positive singular Hermitian metric on E. Then
there exists a sequence of smooth Hermitian metrics {hν}∞ν=1, with positive Griffiths curvature,
increasing to h on smaller polydiscs.
We remark that the above proposition is valid if U is not a polydisc but a domain. A
sequence of smooth Hermitian metrics approximating h is obtained through convolution of h
with an approximate identity. In this way, we can only get an approximating sequence when
E is a trivial vector bundle over a domain in Cn.
To prove Theorem 1.4, we also need the following theorem.
Theorem 3.3. ([Siu76, Corollary 1]) Let X be a Stein submanifold of CN for some N >
n = dimX. Let i : X → CN be an inclusion map. Then there exists an open neighborhood
U of X in CN such that U is a holomorphic retraction of X, i.e. there exists a holomorphic
map p : U → X such that p ◦ i = idX .
Then we give a proof of the following result.
Theorem 3.4. (= Theorem 1.4) Let h be a singular Hermitian metric on E. If (E, h) is
Griffiths semi-positive, then (E ⊗ detE, h ⊗ det h) is Nakano semi-positive in the sense of
singular Hermitian metrics.
Proof. It is clear that Griffiths semi-positivity of h yields the Griffiths semi-positivity of
h⊗det h (cf. [Rau15, Proposition 1.3]). Then it is enough to show that (E⊗detE, h⊗det h)
satisfies the condition in Definition 1.2.
Let (Ω, ι) be an arbitrary Stein coordinate of X such that (E ⊗ detE)|ι(Ω) is trivial on
ι(Ω). Since Ω can be properly embedded into CN for some large N , we can regard Ω as
a submanifold of CN without any loss of generality. From Theorem 3.3, we take an open
neighborhood U of Ω in CN and a holomorphic map p : U → Ω which defines a holomorphic
retraction of Ω, i.e. p ◦ i = idΩ, where i : Ω→ CN is an inclusion map. Since (E⊗detE)|ι(Ω)
is a trivial bundle, ι⋆(E⊗ detE) and p⋆ι⋆(E⊗ detE) are also trivial on Ω and U . Thanks to
[PT18, Lemma 2.3.2], ι⋆h and p⋆ι⋆h are also Griffiths semi-positive. For the sake of clarity,
we omit the map ι and simply write (E, h)(= (ι⋆E, ι⋆h)) on Ω.
Since E⊗detE is trivial on Ω, we fix a holomorphic global frame (e1, · · · , er) of E⊗detE
on Ω. Then (det(E ⊗ detE), det(h⊗ det h)) ∼= ((detE)⊗r+1, (det h)⊗r+1) is also trivial on Ω
with respect to the frame e1 ∧ · · · ∧ er. We define the function Ψ by
|e1 ∧ · · · ∧ er|(det h)⊗r+1 = e−Ψ.
Since (det h)⊗r+1 is Griffiths semi-positive (cf. [Rau15, Proposition 1.3]), Ψ is a plurisubhar-
monic function on Ω. We construct the metric h ⊗ det h e Ψr+1 on E ⊗ detE. We can easily
see that h ⊗ det h e Ψr+1 is Griffiths semi-positive (for the detailed proof, see Proposition 3.5
below). From Proposition 3.2, we get a sequence of smooth Hermitian metrics {hν}∞ν=1, with
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positive Griffiths curvature, increasing to p⋆(h⊗ det h e Ψr+1 ) on p⋆(E ⊗ detE) over any rela-
tively compact subdomain of U . Set gν := i
⋆hν . Since p ◦ i = idΩ, {gν}∞ν=1 is also a sequence
of smooth Hermitian metrics, with positive Griffiths curvature, increasing to h ⊗ det h e Ψr+1
on E⊗detE over any relatively compact subset of Ω. We also have that {det gν}∞ν=1 becomes
a sequence of smooth Hermitian metrics, with positive curvature, increasing to
(det(E ⊗ detE), det(h⊗ det h e Ψr+1 )) = ((detE)⊗r+1, (det h)⊗r+1e rΨr+1 )
∼= (C, e− Ψr+1 )
(cf. [Rau15, the proof of Proposition 1.3]). Then, from the result of Demailly-Skoda (Theo-
rem 3.1), {gν⊗det gν}∞ν=1 gives a sequence of smooth Hermitian metrics, with positive Nakano
curvature, increasing to h⊗det h on E⊗detE over any relatively compact subset of Ω. Here
we regard gν⊗det gν as the metric on E⊗detE via the trivialization of (detE)⊗r+1 for every
ν ∈ N.
Then we take an arbitrary Ka¨hler metric ωΩ, an arbitrary smooth strictly plurisubharmonic
function ψ, and an arbitrary ∂¯-closed f ∈ L2(n,q)(Ω, E⊗detE;ωΩ, h⊗det he−ψ) for any q > 0
on Ω. We also take a Stein exhaustion {Ωj}∞j=1 of Ω, where Ωj is a relatively compact Stein
subdomain. We assume that∫
Ω
〈B−1ωΩ,ψf, f〉(ωΩ,h⊗deth)e−ψdVωΩ < +∞.
Since {gν ⊗ det gν}∞ν=1 is an increasing sequence on any relatively compact subset, we have∫
Ωj
〈B−1ωΩ,ψf, f〉(ωΩ,gν⊗det gν)e−ψdVωΩ < +∞
for fixed j ∈ N. Thanks to Ho¨rmander’s L2-estimate for smooth Hermitian metrics (cf.
Theorem 2.8) and the proof of Proposition 2.7, we get a solution uν ∈ L2(n,q−1)(Ωj , E ⊗
detE;ωΩ, gν ⊗ det gνe−ψ) of ∂¯uν = g such that∫
Ωj
|uν |2(ωΩ,gν⊗det gν)e−ψdVωΩ ≤
∫
Ωj
〈A−1
q,ωΩ,gν⊗det gνe−ψ
f, f〉(ωΩ,gν⊗det gν)e−ψdVωΩ
≤
∫
Ωj
〈B−1ωΩ,ψf, f〉(ωΩ,gν⊗det gν)e−ψdVωΩ
≤
∫
Ω
〈B−1ωΩ,ψf, f〉(ωΩ,h⊗deth)e−ψdVωΩ < +∞
since gν⊗det gν is Nakano semi-positive. For fixed ν0, {uν}ν≥ν0 forms a bounded sequence in
L2(n,q−1)(Ωj , E⊗detE;ωΩ, gν0⊗det gν0e−ψ) due to the monotonicity of {gν⊗det gν}∞ν=1. Hence,
we can obtain a weakly convergent subsequence in L2(n,q−1)(Ωj , E⊗detE;ωΩ, gν0⊗det gν0e−ψ).
By using a diagonal argument, we get a subsequence {uνk}∞k=1 of {uν}∞ν=1 converging weakly
in L2(n,q−1)(Ωj , E ⊗ detE;ωΩ, gν0 ⊗ det gν0e−ψ) for any ν0. We denote by uj the weak limit of
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{uνk}∞k=1. Then uj satisfies ∂¯uj = f on Ωj and∫
Ωj
|uj|2(ωΩ,gν0⊗det gν0 )e
−ψdVωΩ ≤
∫
Ω
〈B−1ωΩ,ψf, f〉(ωΩ,h⊗deth)e−ψdVωΩ
for each ν0. Taking weak limits ν0 → +∞ and using the monotone convergence theorem, we
have the following estimate∫
Ωj
|uj|2(ωΩ,h⊗deth)e−ψdVωΩ ≤
∫
Ω
〈B−1ωΩ,ψf, f〉(ωΩ,h⊗deth)e−ψdVωΩ.
Repeating the above argument and taking the weak limit j → ∞, we get a solution u ∈
L2(n,q−1)(Ω, E ⊗ detE;ωΩ, h⊗ det he−ψ) of ∂¯u = f such that∫
Ω
|u|2(ωΩ,h⊗deth)e−ψdVωΩ ≤
∫
Ω
〈B−1ωΩ,ψf, f〉(ωΩ,h⊗deth)e−ψdVωΩ
on Ω. Consequently, we can conclude that h⊗ det h is Nakano semi-positive in the sense of
singular Hermitian metrics. 
Proposition 3.5. Let notation be the same as one in the proof of Theorem 3.4. Then the
metric h⊗ det h e Ψr+1 is Griffiths semi-positive on E ⊗ detE.
Proof. We have to show that log |u|
h⋆⊗deth⋆e
− Ψ
r+1
is plurisubharmonic for any local holo-
morphic section u ∈ O(E⋆⊗detE⋆) of E⋆⊗detE⋆. Let (e⋆1, · · · , e⋆r) be the global dual frame
of (e1, · · · , er). We also take a local frame of (ǫ1, · · · , ǫr) of E and let (ǫ⋆1, · · · , ǫ⋆r) the local
dual frame. Fixing these frames, it is enough to show that
log(|u|h⋆|ǫ⋆1 ∧ · · · ∧ ǫ⋆r|deth⋆e−
Ψ
r+1 ) = log |u|h⋆ + log |ǫ⋆1 ∧ · · · ∧ ǫ⋆r|deth⋆|e1 ∧ · · · ∧ er|
1
r+1
(det h)⊗r+1
is plurisubharmonic. Since h⋆ is Griffiths semi-negative, log |u|h⋆ is a plurisubharmonic func-
tion. We define a local holomorphic function f by f(ǫ⋆1 ∧ · · · ∧ ǫ⋆r)⊗r+1 = e⋆1 ∧ · · · ∧ e⋆r . Then
we obtain
(r + 1) log |ǫ⋆1 ∧ · · · ∧ ǫ⋆r|det h⋆|e1 ∧ · · · ∧ er|
1
r+1
(deth)⊗r+1 = log |ǫ⋆1 ∧ · · · ∧ ǫ⋆r|r+1det h⋆|e1 ∧ · · · ∧ er|(det h)⊗r+1
= log
( |(ǫ⋆1 ∧ · · · ∧ ǫ⋆r)r+1|(det h⋆)⊗r+1
|e⋆1 ∧ · · · ∧ e⋆r|(det h⋆)⊗r+1
)
= log |f |.
Since f 6= 0, this term is a harmonic function. Therefore, we complete the proof. 
If X admits a Ka¨hler metric ωX , we can also prove the following theorem.
Theorem 3.6. Let ωX be a Ka¨hler form on a Ka¨hler manifold X. If (E, h) is strictly
Griffiths δωX -positive, then (E ⊗ detE, h⊗ det h) is strictly Nakano (r + 1)δωX -positive.
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Proof. We take an arbitrary open subset U and any Ka¨hler potential ϕ of ωX on U . We
also take a Stein coordinate (Ω, ι) of U . Then we use the same notation as in the proof of
Theorem 3.4. By the definition of the strict Griffiths δωX -positivity, we have that he
δϕ is
Griffiths semi-positive. Hence, from Theorem 1.4, we get
heδϕ ⊗ det(heδϕ) = h⊗ det he(r+1)δϕ
is Nakano semi-positive in the sense of singular Hermitian metrics on U . Thus we can
conclude that h⊗ det h is strictly Nakano (r + 1)δωX -positive on X . 
4. L2-estimates and vanishing theorems
In this section, we give a L2-estimate and a vanishing theorem for holomorphic vector
bundles with strictly Nakano positive singular Hermitian metrics. Then we prove Theorem
1.5, 1.6, and 1.7. In this section, we assume that X is a projective manifold and ωX is a
Ka¨hler form on X . First of all, we show Theorem 1.5.
Proof of Theorem 1.5. Choose an arbitrary ∂¯-closed f ∈ L2(n,q)(X,E;ωX , h) for q > 0.
By Serre’s GAGA, there exists a proper Zariski open subset Z 6= ∅ such that E|Z is trivial
over Z and ω is ∂∂¯-exact on Z. We can take Z as a Stein open subset. Then (Z, i) is a Stein
coordinate of X such that E|Z is trivial on Z, where i : Z → X is the natural inclusion map.
We fix a Ka¨hler potential ϕ of ωX on Z, i.e. ϕ satisfies
√−1∂∂¯ϕ = ωX . Then we have that
〈[BωX ,δϕ,ΛωX ]f, f〉(ωX ,h) = δq|f |2(ωX ,h),
〈[B−1ωX ,δϕ,ΛωX ]f, f〉(ωX ,h) =
1
δq
|f |2(ωX ,h),
respectively.
Thanks to the definition of the strict Nakano δωX -positivity, for any smooth strictly
plurisubharmonic function ψ on Z, we can obtain u ∈ L2(n,q−1)(Z,E;ωX, heδϕ−ψ) satisfying
∂¯u = f and ∫
Z
|u|2(ωX ,h)eδϕ−ψdVωX ≤
∫
Z
〈B−1ωX ,ψf, f〉(ωX ,h)eδϕ−ψdVωX
if the right-hand side is finite. Taking ψ = δϕ, we get a solution u ∈ L2(n,q−1)(Z,E;ωX, h) of
∂¯u = f such that ∫
Z
|u|2(ωX ,h)dVωX ≤
∫
Z
〈B−1ωX ,δϕf, f〉(ωX ,h)dVωX
=
1
δq
∫
Z
|f |2(ωX ,h)dVωX
≤ 1
δq
∫
X
|f |2(ωX ,h)dVωX < +∞.
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Letting u = 0 on X \ Z, we have u ∈ L2(n,q−1)(X,E;ωX , h), ∂¯u = f , and∫
X
|u|2(ωX ,h)dVωX ≤
1
δq
∫
X
|f |2(ωX ,h)dVωX
from the following lemma.

Lemma 4.1. (cf. [Ber10, Lemma 5.1.3]) Let X be a complex manifold and let S be
a complex hypersurface in X. Let u and f be (possibly bundle valued) forms in L2loc of X
satisfying ∂¯u = f on X\S. Then the same equation holds on X (in the sense of distributions).
Remark 4.2. Lemma 4.1 holds when h is smooth. However, since we assume that h is
Griffiths semi-positive, we can locally take a sequence of smooth Hermitian metrics increasing
to h from Proposition 3.2. Thus, we have that f and u are L2loc forms with respect to some
smooth Hermitian metric. Therefore, we can apply Lemma 4.1.
By using Theorem 1.5, we prove Theorem 1.6. Before proving Theorem 1.6, we state the
following vanishing theorem for holomorphic line bundles, which was obtained by Nadel in
[Nad90] and generalized by Demailly in [Dem93].
Theorem 4.3. ([Nad90], [Dem93], and [Dem, (5.11)]) Let (X,ωX) be a Ka¨hler weakly
pseudoconvex manifold, and L → X be a holomorphic line bundle equipped with a singular
Hermitian metric h of weight ϕ. We assume that
√−1Θ(L,h) ≥ ǫω for some continuous
positive function ǫ on X. Then
Hq(X,KX ⊗ L⊗I (h)) = 0
for q > 0.
We also mention the following result related to the coherence of E (h).
Proposition 4.4. (cf. [HI19, Theorem 1.4]) Let h be a Nakano semi-positive singular
Hermitian metric and E (h) be the sheaf of germs of locally square integrable holomorphic
sections of E with respect to h. Then E (h) is a coherent subsheaf of O(E).
In the paper [HI19], we prove Proposition 4.4 in the case that h is positively curved in the
sense of twisted Ho¨rmander. The twisted Ho¨rmander condition (cf. Definition 2.4) is slightly
different from the definition of Nakano semi-positivity. However, the proof of Proposition 4.4
is exactly the same as the proof in [HI19]. Hence, we refrain from proving it here. Applying
the above results, we can prove Theorem 1.6.
Proof of Theorem 1.6. Let L q be the sheaf of germs of (n, q)-forms u with values
in E and with square-integrable coefficients, such that |u|2(ωX ,h) is locally integrable, ∂¯u can
be defined in the sense of currents with square-integrable coefficients, and |∂¯u|2(ω,h) is locally
integrable. Then (L •, ∂¯) is a resolution of the sheaf KX ⊗ E (h) for the reason that we can
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solve the ∂¯-equation locally by applying Theorem 1.5 on any small polydisc. Hence, we have
that L • is a resolution by acyclic sheaves.
The compactness of X yields that locally integrable sections are also integrable on X .
Hence, by using Theorem 1.5 globally, we also get that Hq(Γ(X,L •)) = 0 for q > 0. Conse-
quently, we can conclude that Hq(X,KX ⊗ E (h)) = 0 for q > 0. 
Remark 4.5. We see that the L2-estimate in Theorem 1.5 also holds in the situation that
the base manifold X is Stein. Hence, we can apply Theorem 1.5 on any small polydisc in the
above proof.
As an application of Theorem 1.6 and 3.6, we obtain the following theorem, which gener-
alizes the Griffiths vanishing theorem.
Theorem 4.6. (= Theorem 1.7) Let (X,ωX) be a projective manifold and a Ka¨hler metric
on X. If h is strictly Griffiths δωX -positive in the sense of Definition 2.14 on X, then
Hq(X,KX ⊗ E (h⊗ det h)) = 0.
Here we introduce the notion of the Lelong number of a singular Hermitian metric on a
holomorphic line bundle. Usually, the Lelong of a plurisubharmonic function of ϕ at a point
x ∈ X is defined by
lim inf
z→x
ϕ(z)
log |z − x|
for some coordinate (z1, · · · , zn) around x. We also denote by ν(ϕ, x) the Lelong number of
ϕ at x ∈ X . It is known that this number is independent of the choice of local coordinates.
For a semi-positive singular Hermitian metric g on a holomorphic line bundle L, we can
also define the Lelong number ν(g, x) of g at x such that
ν(g, x) := lim inf
z→x
− log g(z)
log |z − x| .
Here we regard g(z) as a local semi-positive function. Since g is semi-positive, − log g(z) is a
plurisubharmonic function locally. Thus, the above definition is reasonable. We repeat that
this definition is independent of the choice of local coordinates.
There is a relationship between the Lelong number of ϕ and the integrability of e−ϕ. We
introduce the following important result obtained by Skoda in [Sko72].
Lemma 4.7. ([Sko72]) Let ϕ be a plurisubharmonic function. If ν(ϕ, x) < 1, e−2ϕ is
integrable around x.
We consider the strictly Nakano δωX -positive or strictly Griffiths δωX -positive singular
Hermitian metric h again. We recall that det h is a semi-positive singular Hermitian metric
on detE (cf. [Rau15, Proposition 1.3]). If the Lelong number of det h satisfies some good
inequalities, we have that E (h) = O(E) or E (h ⊗ det h) = O(E ⊗ detE). These properties
imply the following vanishing theorems.
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Theorem 4.8. Let (X,ωX) be a projective manifold and a Ka¨hler metric on X. We also
let h be a strictly Nakano δωX -positive singular Hermitian metric on E. If ν(det h, x) < 2 for
any point x ∈ X, we have E (h) = O(E) and
Hq(X,KX ⊗ E) = 0
for q > 0.
Proof. By the definition of the Lelong number of a singular Hermitian metric on a holo-
morphic line bundle, we have ν(1
2
log det h⋆, x) < 1 for every x ∈ X . From Lemma 4.7,
e− log deth
⋆
=
1
det h⋆
is locally integrable. Locally, we see that
h =
1
det h⋆
ĥ⋆,
where ĥ⋆ is the adjugate matrix of h⋆. Since h⋆ is Griffiths semi-negative, each element of
ĥ⋆ is locally bounded [PT18, Lemma 2.2.4]. Then it follows that |u|2h is locally integrable for
any local holomorphic section u ∈ O(E) of E. Therefore, we can conclude that E (h) = O(E)
and Hq(X,KX ⊗ E) = 0 for q > 0 from Theorem 1.6. 
Repeating the above argument and using Theorem 1.7, we can also prove the following
theorem.
Theorem 4.9. ([Ina20, Corollary 1.4]) Let (X,ωX) be a projective manifold and a Ka¨hler
metric on X. We also let h be a strictly Griffiths δωX -positive singular Hermitian metric on
E. If ν(det h, x) < 1 for any point x ∈ X, we have E (h⊗ det h) = O(E ⊗ detE) and
Hq(X,KX ⊗ E ⊗ detE) = 0
for q > 0.
5. Properties of Nakano semi-positivity
In this short section, we discuss the validity of the definition of Nakano semi-positive
singular Hermitian metrics. We show the following results.
Proposition 5.1. Let L→ X be a holomorphic line bundle on a complex manifold X. We
also let h be a (Griffiths) semi-positive singular Hermitian metric on L. Then h is Nakano
semi-positive in the sense of singular Hermitian metrics.
Proposition 5.2. Let S be a Riemann surface and E → S be a holomorphic vector bundle
on S. We also let h be a Griffiths semi-positive singular Hermitian metric on E. Then h is
Nakano semi-positive in the sense of singular Hermitian metrics.
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If h is smooth, Griffiths semi-positivity is equivalent to Nakano semi-positivity in the
setting of Proposition 5.1 and 5.2. These propositions imply that our definition of Nakano
semi-positivity of singular Hermitian metrics is appropriate when we compare it with already-
known positivity notions. Repeating the argument in the proof of Theorem 1.4, we can prove
the above propositions. Here we use the same notation as in the proof of Theorem 1.4.
Proof of Proposition 5.1. Let (Ω, ι) be a Stein coordinate of X such that E|ι(Ω) is
trivial on ι(Ω). We simply write (ι⋆E, ι⋆h) = (E, h) on Ω. We take an arbitrary Ka¨hler metric
ωΩ, an arbitrary smooth plurisubharmonic function ψ, and a global holomorphic frame s of
L on Ω. We define the plurisubharmonic function ϕ on Ω by
|s|h = e−ϕ.
By using a usual regularization technique of convolution or Proposition 3.2 and repeating
the argument in the proof of Theorem 1.4, we get a sequence of smooth plurisubharmonic
functions {ϕν}∞ν=1 such that this sequence is decreasing to ϕ on any relatively compact subset
of Ω. Then, taking an exhaustion of Ω, we can obtain the following estimate∫
Ω
|u|2ωΩe−(ϕ+ψ)dVωΩ ≤
∫
Ω
〈B−1ωΩ,ψf, f〉ωΩe−(ϕ+ψ)dVωΩ
for any ∂¯-closed f ∈ L2(n,q)(Ω, L;ωΩ, he−ψ) with the solution u ∈ L2(n,q−1)(Ω, L;ωΩ, he−ψ) of
∂¯u = f . Consequently, we complete the proof. 
Proof of Proposition 5.2. We obtain a sequence of smooth Hermitian metrics, with
Griffiths positive curvature, increasing to h on any relatively compact subset again. Since S
is a Riemann surface, hν is also Nakano semi-positive. Hence, repeating the argument in the
proof of Theorem 1.4, we get∫
Ω
|u|2(ωΩ,h)e−ψdVωΩ ≤
∫
Ω
〈B−1ωΩ,ψf, f〉(ωΩ,h)e−ψdVωΩ
for any ∂¯-closed f ∈ L2(n,q)(Ω, E;ωΩ, he−ψ) with the solution u ∈ L2(n,q−1)(Ω, E;ωΩ, he−ψ) of
∂¯u = f . 
6. Related problems
In the last section, we propose important problems related to the main theorems.
First of all, we consider Proposition 3.2. This regularization technique is a fundamental tool
to study Griffiths semi-positive singular Hermitian metrics. However, the way to regularize a
Nakano semi-positive singular Hermitian metric is not known. Then we propose the following
problem.
Question 6.1. Let E be a trivial vector bundle over a polydisc ∆ ⊂ Cn. We also let h be
a Nakano semi-positive singular Hermitian metric on E. Then, can we construct a sequence
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of smooth Hermitian metrics, with Nakano positive curvature, increasing to h on any smaller
polydiscs?
Next, we think the Demailly-Nadel type vanishing theorem. In general, this vanishing
theorem is established on weakly pseudoconvex manifolds. Then we can expect that the
main theorems also hold on weakly pseudoconvex manifolds.
Question 6.2. Let (E, h) be a holomorphic vector bundle and a strictly Nakano positive
singular Hermitian metric over a weakly pseudoconvex manifold X . Then can we obtain
L2-estimates and vanishing theorems with coefficients in E on X?
Next, we consider the definition of Nakano semi-positivity. In this article, we assume the
Griffiths semi-positivity of Nakano semi-positive singular Hermitian metrics. In the smooth
setting, it is clear that a Nakano semi-positive Hermitian metric is always Griffiths semi-
positive. However, in the singular setting, we do not know whether Nakano semi-positivity
yields Griffiths semi-positivity.
Question 6.3. We let h satisfy the condition in Definition 1.2 without assuming the
Griffiths semi-positivity of h. Can we say that h is Griffiths semi-positive?
We remark that there exists a result related to Question 6.3 (cf. [DNWZ20, Theorem 1.2]
and [HI19, Theorem 3.5]).
At last, we consider the conditions {(2-k)}1≤k≤n in Remark 2.16. As already mentioned,
these conditions are equivalent to each other when h is a smooth Hermitian metric. We
expect that this equivalence is also valid even when h is a singular Hermitian metric.
Question 6.4. Prove the equivalence of the conditions {(2-k)}1≤k≤n in the case that h is
a singular Hermitian metric.
If we can verify Question 6.1, we can also prove Question 6.3 and 6.4 by using the regu-
larization technique. In fact, Question 6.3 and 6.4 are correct if h is smooth. Then, if we
can take a sequence of smooth Hermitian metrics with Nakano positive curvature, we verify
these questions by repeating the argument in the proof of Theorem 1.4. Therefore, Question
6.1 is a crucial problem.
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